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Abstract

The budgets for the Reynolds stresses are given for a non-rotating and a rotating pipe at high rotation rates. The data have been

obtained by ®elds generated by direct numerical simulations at Re � 4900. Particular emphasis has been placed on the near-wall

region since background rotation modi®es the wall structures. These budgets are useful to those interested in developing new one-

point closure turbulence models for rotating ¯ows. Ó 2000 Begell House Inc. Published by Elsevier Science Inc. All rights reserved.

1. Introduction

The study of turbulent ¯ows through a pipe rotating about
its axis is of interest for several ¯ows in practical applications,
for instance in combustors or rotating machineries. In addi-
tion, rotating ¯ows occur in geophysical applications. The ef-
fects of solid body rotation on turbulence in a pipe presents
similarities with three-dimensional boundary layers of practi-
cal importance, such as on swept wings of airplanes.

When a ¯uid enters a pipe rotating about its axis, tangential
shear forces, acting between the wall and the ¯uid, cause the
¯uid to rotate with the pipe, resulting in a ¯ow pattern di�erent
from that observed in a stationary pipe. Rotation reduces the
turbulence in the wall region and increases it in the outer re-
gion due to the e�ects of centrifugal forces. Experimental re-
sults by Nishibori et al. (1987) and Reich and Beer (1989)
indicate that the rotation changes the mean axial velocity
pro®le, tending towards the parabolic pro®le characteristics of
laminar ¯ows. In addition, the creation of a mean azimuthal
velocity, in the reference frame of the rotating pipe, does not
make this ¯ow unidirectional any longer. This component,
negligible from the engineering point of view, allows one to
investigate the performances of turbulence models. Hirai et al.
(1988), for instance, showed that standard k±� cannot generate
this velocity component. From the physical point of view,
however, a de®nite answer whether this component is Rey-
nolds and rotation number independent still has not been
reached.

Quite a large number of experimental studies have been
dedicated to turbulent rotating pipes, up to values of
N � XR=Ub � 5. On the other hand, the numerical simulations
are few, mainly due to the di�culties in treating the singularity
at the axis. To avoid these di�culties, the simulations of ro-
tating channel ¯ow could be considered and this attempt was
done by Oberlack et al. (1998). However, our opinion is that

the rotating pipe, even if it necessitates of some attention on
the numerics, avoids assumptions on the spanwise dimension
of the rotating channel along its axis. In fact, in this case, the
spanwise dimension should account for the formation of
the large scale rolls at the center of the channel. The pipe has
the further advantage of performing the comparisons with
laboratory experiments. To our knowledge experiments on the
rotating channel have not appeared in the literature, and, in
our opinion, they should be very di�cult to realize.

Orlandi and Fatica (1997) performed simulations for a
rotating pipe for values of the rotation number N up to 2, and
showed that the changes in turbulence statistics are due to the
tilting of the near-wall streamwise vortical structures in
the direction of rotation. The present study is an extension of
the previous one. N has been increased up to 10, to examine
numerically whether the phenomena observed experimentally
by Nishibori et al. (1987) could be reproduced. They measured
some of the Reynolds stresses at di�erent values of N, but these
pro®les were mainly evaluated near the entrance of the pipe
(Le=D < 100) and not in the fully developed region. To our
knowledge, no detailed experimental data on the Reynolds
stresses are available yet for fully developed ¯ows at high N.
The other main objective of the present work lies in the eval-
uation of the Reynolds-stress budgets, a very easy task by the
data from DNS. Even more important is to furnish the
enstrophy budgets which are useful to obtain information on
the e�ect of the rotation on the turbulent dissipation.

Although in simple ¯ows, eddy viscosity models produce
results comparable to those by Reynolds-stress models, the
latter are necessary in a variety of ¯ows that simpler models
(k±�) could not describe. The turbulent rotating pipe is one of
them. Hirai et al. (1988) proved that the conventional k±�
model does not work for this ¯ow. Even the Durbin (1991)
model does not account for the rotation e�ects in the outer
region of the pipe, whose e�ects could perhaps be modeled as
suggested by Zeman (1995). We know that it is always more
important to develop reliable Reynolds-averaged models for
industries interested to design more e�cient turbomachines.
The Reynolds-stress equations contain several terms that must
be modeled and that are di�cult to measure. For instance, the
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pressure±strain correlation tensor, that for certain components
is comparable to the production term, and to the rate of dis-
sipation. Therefore, it is necessary to obtain these terms nu-
merically.

The Reynolds number of the direct simulation is smaller
than that occurring in practical applications where one-point
closures are requested. LES were performed by Eggels et al.
(1994) but these were limited at low N. Our point of view is
that, to have reliable turbulence models for rotating pipes the
near-wall region should be described. In the past, for the tur-
bulent channel (Mansour et al., 1988) the DNS at low Rey-
nolds numbers was of great help to the turbulence modelers
(Durbin, 1991), thus, we think that, even more for this com-
plex ¯ow, the low Reynolds DNS should be of great help to
model the wall region, and in particular at high rotation rates.
To fully understand this complex ¯ow a description of the
modi®cations of the wall structures should be presented. We
described these modi®cations in previous papers (Orlandi and
Fatica, 1997; Orlandi, 1997) at N � 2; we observed, in this new
set of simulations that there are no drastic changes when N
increases. We are not showing again the results, but refer our
previous papers.

2. Equations

The dimensionless Navier±Stokes equations in a reference
frame rotating with the pipe wall are

DU

Dt
� ÿrp � 1

Re
r2U� Nez �U; �1�

where it has been assumed that the rate of rotation X is direct
along the axial direction z. The dimensionless equations have
been obtained by taking the pipe radius R as reference length,
the laminar Poiseuille velocity UP, twice the bulk velocity Ub,
as velocity scale. These quantities together with the kinematic
viscosity m give Re � UbD=m � UPR=m and the rotation number
N � XR=Ub.

These equations can be solved when boundary conditions
are assigned. This paper deals with the ¯ow inside a circular
pipe, hence no-slip conditions are assumed on the wall. As we
are interested in the statistical steady state, periodicity is as-
sumed along the streamwise direction, and this indicates that
we are reproducing a fully developed rotating pipe. To prove,
in addition, that the statistics represent a fully developed ¯ow,
it is important to advance the simulation for a su�ciently long
time. In the present case, we performed the simulations start-
ing from a coarse simulation; after a short transient the pres-
sure gradient oscillates around a mean value. In this part of the
simulations we have saved the ®elds that have been treated by
a post-processing code to produce the statistics pro®les. It has
been also checked that the statistics do not change when a
greater number of ®elds are used. The second order ®nite
di�erence scheme in space and time developed by Verzicco and
Orlandi (1996), brie¯y reported in Orlandi and Fatica (1997),
has been used to solve Eq. (1). In the appendix of the latter
paper the grid re®nement checks were discussed. In that study
the simulations were limited to N � 2; here the calculations
have been extended to higher rotation rates N � 5 and N � 10.
The results presented here are achieved by a 129� 96� 193
grid. In a longer report by Ebstein (1998) it is shown that the
results do not largely di�er from those obtained by a coarse
grid.

In simulations of rotating pipes an important parameter is
the length of the pipe; it should be long enough to capture the
stretching of the vortical structures due to the rotation rate as
observed in the experiments by Nishibori et al. (1987). In all
the simulations with N > 0 it was assumed Lz=R � 25, while

for that at N � 0 Lz=R was set equal to 15. The only way to
have a satisfactory answer about the issue whether the length
of the pipe is su�cient or not, is by several simulations with
di�erent lengths and same resolution; hence this check should
require a length Lz=R � 50 and 385 grid points in this direc-
tion. At this stage of the study we are interested to present the
results in the reasonably long pipe rather than to spend a large
computational time to check the independence of the correla-
tions on Lz.

From the two-point correlations along z an idea about the
¯ow structures is obtained. Thus the two-point correlations, at
di�erent distances from the wall, were evaluated and here only
those at y� � 20 are presented. Fig. 1 shows that the correla-
tions for vr do not change by imposing the rotation; on the
other hand the correlations for vh and vz show that the struc-
tures are more elongated and that N a�ects the azimuthal more
than the axial component. The correlation R33 � hv0zv0zi does
not recover to zero indicating that the structures are spanning
the full length of the pipe. Vorticity contour plots in Orlandi
(1997) con®rm this behavior and in addition show that the
vortical structures are helicoidal.

Approximately 60 ®elds, separated by two time units, were
saved and by a post-processing code the statistics and the
budgets were evaluated. In all the quantities reported here,
the overline accounts for time averages and h i for averages in
the azimuthal and streamwise direction. In Fig. 2 the hvzi
pro®les in wall units indicate that, by increasing N, the log
region disappears, hence turbulence models based on the law-
of-the-wall should be discarded. The pro®les of hvhi are not
reported, these were given in Orlandi and Fatica (1997) and it

Fig. 1. Two-point velocity axial correlations (±±±±, � Rhh); (- - - -, �
Rrr); (� � � � � � �, } Rzz); lines N � 0, open symbols N � 2, closed symbols

N � 10.

Fig. 2. Velocity pro®le in wall units (±±±± N � 0), (- - - - N � 0:5),

(� � � � � � � N � 1), (Ð - Ð N � 2), (±± � ±± N � 5), (� N � 10).
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was observed that the correction with respect to the solid body
rotation decreases by increasing the rotation rate. In the
experiments up to N � 5 by Reich and Beer (1989) hvhi was
independent from N and Re. However, in more recent exper-
iments by Imao et al. (1996) at N � 0:5 and N � 1 the data do
not perfectly coincide with the theoretical parabolic pro®le and
are slightly separated from each other. In our simulations it
has been checked that at any N in the equation for hvhi and
hvri, where the terms with hvhi appear, the balance is satis®ed.
From these arguments a de®nite answer on the independence
of hvhi from N and Re cannot be drawn, more experiments and
more re®ned simulations are necessary.

At low N the measurements by Imao et al. (1996) show that
the normal stresses in the region far from the wall do not vary
appreciably with the rotation, and this is con®rmed by the
simulations, even if in the DNS a substantial drop between
N � 0 and N � 0:5 occurs near the wall. The condition is
rather di�erent at very high rotation rates. This is shown in
Fig. 3 where the normal stresses pro®les are not scaled by the
friction velocity to emphasize the N dependence. At high val-
ues of N the normal stresses are a�ected in the whole pipe and
in particular near the center. hv0hv0hi0:5 increases everywhere, as
well as hv0rv0ri0:5, but near the wall less than near the center.
hv0zv0zi0:5 on the other hand decreases near the wall and increases
at the center. We would like to point out that the pro®les in a
semilog scale emphasize the near-wall region. This choice is of
particular utility when the DNS should guide the modeling of
the wall region. As a general result, we observe that the rota-

tion moves the peak of the turbulent kinetic energy away from
the wall.

More drastic modi®cations occur for the turbulent stresses;
in fact the rotation, breaking the symmetry, produces the
stresses that are null in the non-rotating pipe. These stresses

are given in Fig. 4(b) that shows a large hv0hv0zi oscillating in r;
these oscillations, almost absent at low rotation rates, are a
consequence of the long spiral structures forming in the central
region of the pipe. The ®gure in addition shows that the other
two stresses have a much regular behavior, and that hv0hv0ri is
the smallest. Two of these stresses were measured by Imao et al.
(1996) at low rotation rate and at Re � 20000, a value four
times greater than the present (Re � 4900). Fig. 5 shows that,
although there are di�erences between the numerical and ex-
perimental results, nevertheless the decrease of hv0hv0zi with N
and the points where it changes sign are reasonably well pre-
dicted. On the other hand, the di�erences for hv0zv0ri should be
attributed to the di�erences in Reynolds number. Orlandi and
Fatica (1997) showed that the pro®le of the total stress follows
the theoretical linear behavior and that the reduction of the
pressure drop is not linear in N, di�erent from that in Imao et
al. (1996). The simulations at higher Reynolds number in
principle could be done with the today's computers; this will be
done, in the near future, to generate a new database at N � 0:5
and N � 1, since the ®elds for the low values of N were not
saved. The database at the higher values of N has been used to
evaluate the budgets, described in Section 3.

Before looking at the budgets for each component of the
Reynolds stresses, we would like to point out that in this ¯ow
the Boussinesq hypothesis relating the turbulent stresses to the

Fig. 3. Normal stress pro®les (±±±± N � 0), (- - - - N � 2), (� � � � � � �
N � 5), (Ð - Ð N � 10).

Fig. 4. Turbulent stress pro®les (±±±± N � 0), (- - - - N � 2), (� � � � � � �
N � 5), (Ð - Ð N � 10).
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mean rate of strain, usually used in the k±� closures cannot be
used. In fact, hv0hv0zi cannot be di�erent from zero since Shz � 0.
The present database, in any case, permits one to see whether
mT evaluated by dividing the hv0zv0ri and hv0hv0ri by the corre-
sponding rate of main strain are consistent. Fig. 6 shows that
the two eddy viscosities obtained by these turbulent stresses
di�er and in particular near the wall. This consideration con-
®rms, once more, that for the rotating pipe it is mandatory to
use the full Reynolds-stress turbulence models.

3. Budgets

Hirai et al. (1988) proved that the conventional k±� model
does not work and hence for rotating pipes the second order
closure should be used. This statement suggests one to consider
the equation of the Reynolds stresses, that at the steady state,
and in the fully developed conditions are

huki oRij

oxk
� ÿRik

ohuji
oxk
ÿ Rjk

ohuii
oxk
� mr2Rij �Pij ÿ �ij

ÿ oSijk

oxk
ÿ 2 emkiXmRjk

ÿ � emkjXmRik

�
: �2�

The expression in cylindrical coordinates are not given;
these are reported in the literature and can be found in Ebstein
(1998). The Reynolds stresses are de®ned as Rij � hu0iu0ji, in
Sijk � hu0iu0ju0ki only the triple velocity correlations appear and

Pij � u0i
op0

oxj
� u0j

op0

oxi

* +
:

The rate of dissipation is

�ij � 2m
ou0i
oxk

ou0j
oxk

* +
:

Equation (3.1), by inserting the Coriolis inside the convective
term, can be written in the more simple form

0 � PD� VD� VP�DS� TD� CT; �3�
where PD indicates production, VD the viscous di�usion, VP
the correlation between velocity and pressure gradients, DS the
rate of turbulent dissipation, TD the turbulent di�usion and
CT indicates the convective term. Usually, the balance are
normalized with respect to mu4

s ; in dimensionless units this
operation consists in dividing each term of Eq. (2) by Reu4

s . To
those interested in having the data in a di�erent normalization,
we would like to recall that Re � 4900 and that for N equal to
0; 2; 5; 10, us respectively is 0.03475, 0.03214, 0.03405 and
0.0369. From these values it turns out that, di�erent from what
is expected, by increasing N up to N � 2 there is a drag re-
duction and then a drag increase. Nevertheless, the mean ve-
locity pro®le tends to the laminar parabolic pro®le in the
internal region of the pipe. This trend in the pro®les perhaps is
the reason why in the experiments it was extrapolated for the
tendency to the relaminarization of the ¯ow.

The budget for the turbulent kinetic energy at N � 0 agrees
perfectly with the budget by Mansour et al. (1988) for the
plane channel as it is shown in Fig. 7(a). In the turbulent ki-
netic energy equation the rate of solid body rotation does not
appear directly, however, Fig. 7 shows the terms which are
more a�ected by the rotation. Once more it is important to
remember that simulations at low Re help to model the whole
region of the pipe and in particular the near-wall region. Fig 7
shows that, indeed, in the near-wall region there is a large
growth of the rate of dissipation (DS) and of the viscous dif-
fusion (VD) balancing it. The turbulence production (PD) and
the turbulent di�usion (TD) are less a�ected by N. The tur-
bulent production for k coincides with the production term in
the hv0zv0zi equation, where N does not appear; hence the
changes in (PD) are indirect. The production terms in the other
two normal stresses cancel each other and their pro®les show
that the largest values occur in the log region, it contributes to
the increase of these stresses with N (Fig. 3) near the centre.
The analogue of Fig. 7 for each stress can be found in Ebstein
(1998).

Fig. 7 shows a large change of the rate of dissipation, hence
it is interesting to investigate whether the assumption �ij � �dij,
usually done in second order closures at high Reynolds num-
bers, is valid or not. In Fig. 8 the pro®les of the ��ij for each N
are given. About the possibility that �ij � �dij could be valid at
high and not a low Re, from the data of the channel in Rodi
and Mansour (1993), we observed that, indeed, by increasing
by a factor of 2 the Reynolds number the pro®les of ��ij do not
change. Fig. 8 shows that the local isotropy assumption is not
valid, and that, irrespective of N, �rr is always much smaller
than the other two rates of dissipation. The rate of dissipation
of the turbulent stresses are smaller than those of the normal
stresses. By increasing N, in the wall region, ��hz increases. It is

interesting even to notice that only for hv0hv0zi the near-wall

region is important, for the other two (hv0zv0ri and hv0hv0ri) in the

Fig. 6. Turbulent viscosity pro®les (±±±± N � 0), (- - - - N � 2),

(� � � � � � � N � 10) from hv0zv0ri, (� N � 2), (� N � 10), from hv0hv0ri.

Fig. 5. Turbulent stress pro®les compared with the Imao et al. (1996)

data (±±±±, � N � 0), (- - - - , � N � 0:5), (� � � � � � �, } N � 1).
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wall region the rate of dissipation is smaller than that near the
center.

The balance for each turbulent stress shows that the terms
largely dependent on N are VP and CT; N contributes directly
to the latter. In Eq. (2), it has been observed that CT� VP is
balanced by PR. As mentioned earlier, one of the major con-
tributions of the DNS is to help to have new ideas on how to
model the VP term; here we present for N � 2 the plots of this
term split in the pressure±strain and in the pressure±transport
terms together with CT. We would like to point out that at
N � 10, VP and CT are of opposite sign and both are much
greater than the other terms. The reason for this is related to
the fact that the pressure in the simulation is the pressure in the
rotating frame. Since VP� CT is comparable to the others, if

each term is not appropriately modeled, it could produce
wrong results. In Fig. 9, PS indicates the pressure±strain cor-
relation, usually modeled explicitly in the second order closure,
as for instance in Launder et al. (1975); PD is the pressure±
transport term, usually included in the turbulent di�usion,
which gives a zero contribution when integrated across the
pipe. Fig. 9(a) shows that, near the wall, in the equation for

hv0hv0hi, PS and PD balance and hence VP is negligible; in the
outer region VP is close to CT and of opposite sign. CT pre-
vails on VP giving a positive contribution to the production of
hv0hv0hi; it explains why hv0hv0hi increases with N in the central
part of the pipe. Fig. 9(b) shows that for hv0rv0ri CT has an

opposite sign than for hv0hv0hi; it di�ers from PV and CT� PV

contributes to increase hv0rv0ri0:5 in the wall region as shown in
Fig. 3(a).

The contributions of VP and CT, for the turbulent stresses,
in Fig. 10(a) and (b) show that its magnitude is an order of
magnitude greater than for the normal stresses. PS increases

Fig. 8. Rate of dissipation pro®les normalized with respect to mu4
s as a

function of y�: (a) N � 0; (b) N � 2; (c) N � 5; (d) N � 10. (±±±± �),

(- - - - �zz), (Ð - Ð �hh), (±± � ±± �rr), (M �hr), (� �zr), (� �hz).
Fig. 7. Balance of the turbulent kinetic energy: (a) the symbols are

from Mansour et al. (1988); the data are normalized with respect to

mu4
s ; (b) N � 2; (c) N � 5; (d) N � 10 in the dimensionless units of the

simulations. (±±±± PD), (- - - - VP), (� � � � � � � DS), (Ð - Ð TD), (±± � ±±

VD).
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near the wall for e�ect of the rotation and, as for the non-
rotating case, it is balanced by PD, this balance produces a
small VP in the wall region, that at its turn is balanced by CT.
Even if each term is large, the contributions of both are of the
same order as that in the normal stresses in Fig. 9(a) and (b).

In the central region of the pipe VP� CT for hv0hv0ri counter-
acts the negative production; for hv0zv0ri the behavior is similar,
but there is an inversion of sign, since here VP� CT balances a

positive production. This occurs also in the non-rotating case
as it was shown by Mansour et al. (1988), we would like to
point out that in the pipe some of the signs are opposite to
those in the channel because in the pipe r is pointing towards
the wall and in the channel y is pointing away from the wall.

If the budget of the Reynolds stresses is of large utility to
get new ideas on near-wall one-point closures, of greater help
is the enstrophy budget. DNS is the easy way to have such
budgets and in particular to see how these are a�ected by the
rotation rate. The enstrophy budget equation is

Uj
ohx2

i i
oxj

" #
1

2
� ÿhxixjiSij ÿ hxiuji oXi

oxj
� Xjhsijxii

� hxixjsiji ÿ m
oxi

oxj

� �2
* +

� o
oxj

m
ohx2

i i
oxj

"
ÿ huixixji

#
1

2
: �4�

In this equation, the symbol indicating ¯uctuations has been
omitted and the quantities averaged in time and in the ho-
mogeneous directions are indicated with capital letters. The
terms on the right-hand side can be respectively indicated as

Fig. 11. Pro®les of the enstrophy budget: (a) N � 0; (b) N � 2;

(c) N � 10. O DS, � PR, � CT, � VP, M TD, } VD.

Fig. 10. Pro®les of CT and VP terms and their combination, in wall

units (mu4
s ), for N � 2: (a) hv0hv0ri; (b) hv0zv0ri as a function of y�. Legend

as in Fig. 9.

Fig. 9. Pro®les of CT and VP terms and their combination, in wall

units (mu4
s ), for N � 2: (a) hv0hv0hi; (b) hv0rv0ri as a function of y�; (� � � � � � ��

PD), (±±±± PS), (- - - - VP), (ÐÿÐ CT), (� PV� CT).
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PR, PD, CT, VP, DS, VD, TD. The ®rst impression, from the
budgets at N � 0; 2 and N � 10 in Fig. 11(a)±(c), is that by
increasing the rotation there are large variations in the near-
wall region; in particular the magnitude of the rate of enstro-
phy dissipation increases with N. The pro®le of DS varies
everywhere indicating large variations of the vorticity ®eld.
Orlandi and Fatica (1997) by contour plots of vorticity com-
ponents showed that the vortical structures had a helical
shape. Near the wall the enstrophy dissipation is balanced by
the viscous di�usion and by CT and at N � 10 even VP be-
comes very important. At this point we do not want to discuss
longer this balance even for the reason that, perhaps, minor
changes can arise by more re®ned simulations. Fig. 11, how-
ever, permits one to get a ®rst idea of the complex behavior of
this balance and which are the more important terms.

4. Conclusions

The present study was performed in order to create a data
base for turbulent rotating pipes at a low Reynolds number
and at high N. At the moment a satisfactory number of ®elds
are available for N � 0; 2; 5 and 10; for N � 0:5 and N � 1
some of the results were given by Orlandi and Fatica (1997). At
that time the ®elds for these N were not saved and thus the
balances were not calculated. The simulations do not take a
long computational time and thus if there is a large demand of
these budgets, we could perform the simulations again.
Someone could argue that the present data are not validated as
for example those for the turbulent channel by Kim et al.
(1987); we are aware of this, but it should be taken into con-
sideration that this ¯ow has a more complex ¯ow physics. In
addition, the length of the pipe plays an important role and
then a satisfactory streamwise resolution is di�cult to achieve.
We hope that in the near future other scholars will devote their
time to perform DNS of this ¯ow by a di�erent numerical
method, as for instance that developed by Loulou (1996).

A set of validated data for this ¯ow are very important
because the steady solution by one-point closure requires only
the solution of a one-dimensional set of equations, hence the
test of di�erent closures is very fast. Despite the numerical
simplicity the ¯ow complexity remains and this requires sat-
isfactory models. Only when good results for the rotating pipe
are obtained will it be possible to achieve satisfactory results in
practical applications such as swirling jets.
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